Abstract We introduce the interval Darboux delta integral (shortly, the ID ∆-integral) and the interval Riemann delta integral (shortly, the IR ∆-integral) for interval-valued functions on time scales. Fundamental properties of ID and IR ∆-integrals and examples are given. Finally, we prove Jensen's, Hölder's and Minkowski's inequalities for the IR ∆-integral. Also, some examples are given to illustrate our theorems.
e.g., [2, 11, 12, 14, 15, 21, 23, 25, 28, 29, 30, 34, 38, 42] . Recently, several classical integral inequalities have been extended to the context of interval-valued functions by Chalco-Cano et al. [9, 10] , Costa [13] , Costa and Román-Flores [16] , Flores-Franulič et al. [20] , Román-Flores et al. [32, 33] .
Motivated by [8, 13, 32] , we introduce the ID and IR ∆-integrals, and present some integral inequalities on time scales. A time scale T is an arbitrary nonempty closed subset of the real numbers R with the subspace topology inherited from the standard topology of R. The theory of time scales was born in 1988 with the Ph.D. thesis of Hilger [22] . The aim is to unify various definitions and results from the theories of discrete and continuous dynamical systems, and to extend them to more general classes of dynamical systems. It has undergone tremendous expansion and development on various aspects by several authors over the past three decades: see, e.g., [3, 4, 5, 6, 18, 19, 35, 37, 39, 40, 41] .
In 2013, Lupulescu introduced the Riemann ∆-integral for interval-valued functions on time scales and presented some of its basic properties [24] . Nonetheless, to our best knowledge, there is no systematic theory of integration for interval-valued functions on time scales. In this work, in order to complete the theory of IR ∆-integration and improve recent results given in [8, 13, 32] , we introduce the ID ∆-integral and the IR ∆-integral on time scales. We show that the ID ∆-integral ia a generalization of the IR ∆-integral. Also, some basic properties for the ID and IR ∆-integrals, and some examples, are given. Finally, we present Jensen's inequality, Hölder's inequality and Minkowski's inequality for the IR ∆-integral. Some celebrated inequalities are derived as consequences of our results.
The paper is organized as follows. After a Section 2 of preliminaries, in Section 3 the ID and IR ∆-integrals for interval-valued functions are introduced. Moreover, some basic properties and examples are given. In Section 4, we prove Jensen's, Hölder's and Minkowski's inequalities for the general IR ∆-integral. We end with Section 5 of conclusions.
Preliminaries
In this section, we recall some basic definitions, notations, properties and results on interval analysis and the time scale calculus, which are used throughout the paper. A real interval [u] is the bounded, closed subset of R defined by
where u, u ∈ R and u ≤ u. The numbers u and u are called the left and the right endpoints of [u, u] , respectively. When u and u are equal, the interval [u] is said to be degenerate. In this paper, the term interval will mean a nonempty interval. We call [u] positive if u > 0 or negative if u < 0. The partial order "≤" is defined by
The inclusion "⊆" is defined by
For an arbitrary real number λ and [u], the interval λ[u] is given by
, the four arithmetic operators (+,-,·,/) are defined by
We denote by R I the set of all intervals of R, and by R + I
and R − I the set of all positive intervals and negative intervals of R, respectively. The Hausdorff-Pompeiu distance between intervals [u, u] and [v, v] is defined by
It is well known that (R I , d) is a complete metric space.
Let T be a time scale. We define the half-open in-
The open and closed intervals are defined similarly. For t ∈ T, we denote by σ the forward jump operator, i.e., σ(t) := inf{s > t : s ∈ T}, and by ρ the backward jump operator, i.e., ρ(t) := sup{s < t : s ∈ T}. Here, we put σ(sup T) = sup T and ρ(inf T) = inf T, where sup T and inf T are finite. In this situation, T κ := T\{sup T} and T κ := T\{inf T}, otherwise, T κ := T and T κ := T. If σ(t) > t, then we say that t is right-scattered, while if ρ(t) < t, then we say that t is left-scattered. If σ(t) = t and t < sup T, then t is called right-dense, and if ρ(t) = t and t > inf T, then t is left-dense. The graininess functions µ and η are defined by µ(t) := σ(t) − t and η(t) := t − ρ(t), respectively.
A function f : [a, b] T → R is called right-dense continuous (rd-continuous) if it is right continuous at each right-dense point and there exists a finite left limit at all left-dense points. The set of rd-continuous function
A function f is said to be an interval function of t on [a, b] T if it assigns a nonempty interval 
We denote the set of all divisions of [a, b] 
Lemma 1 (Bohner and Peterson [6] ) For every δ > 0 there exists some division D ∈ D([a, b] T ) given by a = t 0 < t 1 < · · · < t n−1 < t n = b such that for each i ∈ {1, 2, . . . , n} either t i − t i−1 ≤ δ or t i − t i−1 > δ and ρ(t i ) = t i−1 . 
Definition 1 (Bohner and Peterson
there exists an A ∈ R such that for each ǫ > 0 there exists a δ > 0 for which
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and for 1 ≤ i ≤ n,
Consequently, we obtain (ID)
The result is proved.
Remark 1 It is clear that if f is a real-valued function, then our Definition 2 implies the definition of Darboux ∆-integral introduced by [6] . We also have the following:
(1) If T = R, then Definition 2 implies the definition of Darboux interval integral introduced by Caprani et al. [8, 31] .
Then,
and therefore
, and λ be an arbitrary real number. Then,
Proof We only prove that part (2) of Theorem 2 holds. The other relations are obvious. Suppose that
and it follows that
The intended result follows. 
Therefore, we have
We now give Riemann's definition of integrability, which is equivalent to the Riemann ∆-integral given in [24, Definition 13] . The following two theorems can be easily verified and so the proofs are omitted. 
Some inequalities for the interval Riemann delta integral
We begin by recalling the notions of convexity on time scales. We can now introduce the concept of interval-valued convexity. 
for which αx
If the set inclusion (2) is reversed, then f is said to be concave. If f is both convex and concave, then f is said to be affine. The set of all convex, concave and affine interval-valued functions are denoted by
Remark 3 It is clear that if T = R, then Definition 5 implies the definition of convexity introduced by Breckner [7] .
Proof We only prove that part (1) of Theorem 5 holds.
that is,
It follows that
This shows that
Conversely, if
by Definition 5 and the set inclusion (3), we have
Due to Theorems 5 and 6, it follows that f and f are continuous. Then, from Theorem 5.19 of [6] , we have that
If f is concave, then inequality (4) is reversed.
Proof By hypothesis, we have
Hence, |h|f (g) ∈ IR (∆, 
Next we present a Hölder type inequality for intervalvalued functions on time scales.
Theorem 13 (Hölder's inequality)
This concludes the proof.
For the particular case p = q = 2 in Theorem 13, we obtain the following Cauchy-Schwarz inequality. 
Theorem 14 (Cauchy-Schwarz inequality)
Let h ∈ C rd ([a, b] T , (0, ∞)), f, g ∈ C rd ([a, b] T , R + I ). Then, b a h(s)f (s)g(s)∆s ≤ b a h(s)f 2 (s)∆s b a h(s)g 2 (s)∆s . Example 6 Suppose that [a, b] T = [0, π 2 ]. Let h(s) = s, f (s) = [s,
Conclusion
We investigated Darboux and Riemann interval delta integrals for interval-valued functions on time scales. Inequalities for interval-valued functions were proved. Our results generalize previous inequalities presented by Costa 
